Mathematical Models of Systems

We use quantitative mathematical models of physical systems to design and
analyze control systems. The dynamic behavior is generally described by
ordinary differential equations. We will consider a wide range of systems,
including mechanical, hydraulic, and electrical. Since most physical systems are
nonlinear, we will discuss linearization approximations, which allow us to use
Laplace transform methods.

We will then proceed to obtain the input—output relationship for components and
subsystems in the form of transfer functions. The transfer function blocks can be
organized into block diagrams or signal-flow graphs to graphically depict the
interconnections. Block diagrams (and signal-flow graphs) are very convenient
and natural tools for designing and analyzing complicated control systems



Introduction
Six Step Approach to Dynamic System Problems

» Define the system and its components

» Formulate the mathematical model and list the
necessary assumptions

» Write the differential equations describing the
model

» Solve the equations for the desired output variables
» Examine the solutions and the assumptions
» If necessary, reanalyze or redesign the system




Differential Equation of Physical Systems

Ta(t) - Ts(t) = 0
é; Ta(t) = Ts()
‘:-'=DE

== (1) = os(t) - @)

m T, T,(t) = through - variable

angular rate diference = across-variable

(a) Torsional spring-mass svslem.
(b) Spring element.




Differential Equation of Physical Systems
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Differential Equation of Physical Systems

Electrical Capacitance
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Differential Equation of Physical Systems

Electrical Resistance
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Differential Equation of Physical Systems

Wall

(a) (b)

(a) Spring-mass-damper system.
(b) Free-body diagram.

d° d
M-—Zy(t) + b-=y(t) + ky(t) =
dt dt

\(t)



Differential Equation of Physical Systems
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Differential Equation of Physical Systems

Voltage
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Typical voltage response for underdamped RLC circuit.




Differential Equation of Physical Systems

Ky:=1 a2:=.5 Po:=10 09 :=2

— azt .
y(t) :=Ko-e -S|n([32-t + 62)

Otz-t

— Ot —
y1(t) :=Koy-e 2 y2(t) :=-Ko-e




Linear Approximations

e

Mass

o : Spring
' force
MNonlinear é‘-

spring %

(a) (b)

A

{operating point)

Equilibrium

(a) A mass sitting on a nonlinear spring.
(b) The spring force versus v.




Linear Approximations

Linear Systems - Necessary condition

Principle of Superposition

Property of Homogeneity

Taylor Series
http://www.maths.abdn.ac.uk/%7Eigc/tch/ma2001/notes/node46.html



http://www.maths.abdn.ac.uk/~igc/tch/ma2001/notes/node46.html

Linear Approximations — Example 2.1

g:= 9.8m L :=100cm 0 :=0rad 0 :=-m,
To:= M-g-L-sin(Go)
Length L

T,(6) :=M-g-L-sin(6)

To(8) :=M-g-L-cos(8,)-(6 — 0g) + Tg

Mass M
10 T T T T T T T
Pendulum oscillator. .
5 e
T1(0) -~
O _— —
T2(0) _
_5 _—
_ | | | | | | |
10_3 -3 -2 -1 1 2 3

Students are encouraged to investigate linear approximation accura



The Laplace Transform

Historical Perspective - Heaviside’s Operators

Origin of Operational Calculus (1887)




Historical Perspective - Heaviside’s Operators

Origin of Operational Calculus (1887)

(*) Oliver Heaviside: Sage in Solitude, Paul J. Nahin, IEEE Press 1987.




The Laplace Transform

Definition

L(f(1)) = J f(t).e Sdt = F(9)
0

Here the complex frequency is S=p + JW

The Laplace Transform existswhen

o0
— st
Jo f(t)-e dt < oo thismeans that the integral converg




The Laplace Transform

Determine the Laplace transform for the functions

a) fi(t) :=1 for t>0
o0
S-t
F1(s) :=J e dt  _ _E.e_ (s-1) E
0 S

D) fy=e

Fo(s) = J e (a't).e_ (1) dt _ 1 o [(s+a)-t] Fo(s) =
0 s+1 S+a




The Laplace Transform

Evaluate the laplace transform of the derivative of a function

d foo d —(s-t)
U =ft) |=| =f(t) d
(dt (t)j dt (V-¢ t

)

by the use of J udv = u-v—J vdu

0

where y=e Y dv = df(t)

and, from which

—(s-t)
du=-se = .o and v = (1)
we obtain
J udv = f(t)-e~ Y —J t] —s.e” 0] gt
0 0

= (0+) + s-J f-e” Yt
0

d
. L-(d_tf(t)j = sF(s) - f(0+) note that the initial condition isincluded in the transfor




The Laplace Transform

Practical Example - Consider the circuit.

..... R ... L ...
The KVL equation is Wiy T ——
B s SRR
d N L R -
4-i(t) + 2-d—i(t) =0 assume i(0O+)=5A (|~~~
t

Applying the Laplace Transform, we have

J (4-i(t) ; 2-:—ti(t))-e_ GY4t=0 4~J it)ye” Dt 4 Z-J :—ti(t)-e_ D 4= 0

0
0 0

4-1(s) + 2-(s-1(s) —i(0)) = 0 4-1(s) + 2-s-1(s) —10=0

I(s) = 5 transforming back to the time domain, with our present knowledge of
(8) = S+ 2 Laplace transform, we may say that
t=(0,0.0L.2)
6 T
i(t) = 5.6~ (Y . x _
i(t) N,
— 2 -
™.
0 \T‘%"‘———-—.




The Laplace Transform

The Partial-Fraction Expansion (or Heaviside expansion theorem)

Suppose that

s + z1 The patrtial fraction expansion indicates that F(s) consists of

F(S) = . . .
(s + pl)-(s + p2) a sum of terms, each of which is a factor of the denominator.

The values of K1 and K2 are determined by combining the
individual fractions by means of the lowest common

denominator and comparing the resultant numerator
or
coefficients with those of the coefficients of the numerator

K1 K2 before separation in different terms.
F(s) = +
s + pl s + p2

Evaluation of Ki in the manner just described requires the simultaneous solution of n equations.
An alternative method is to multiply both sides of the equation by (s + pi) then setting s= - pi, the
right-hand side is zero except for Ki so that

(s + pi)-(s + 21) o .p

(s + pl) + (s + p2)



The Laplace Transform

Property Time Domain Frequency Dom¢
e (S'T)-F(s)
1. Time delay ft-T)u(t-T)
E.F(i)
2. Time scaling f(at) a \a
3. Frequency differentiationt-f(t) —d—F(s)
ds
. - (at)
4. Frequency shifting f(t)-e F(s + a)
. f(t) °°
5. Frequency Integration —Z~ F(s) ds
t 0
6. Initial-value Theorem Lin{(f(t)) = f(0) Lin(s-F(s))
t->0 s-> infinite
7. Final-value Theorem  Lin(f(t)) Lin(s-F(s))
t -> infinite s->0




The Laplace Transform

Useful Transform Pairs




An s-plane plot of the poles and zeros of Y(s).

The Laplace Transform
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Consider the mass-spring-damper system 6= cos oo
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) ' o
: - — 3
Y(s) = (Ms + b)-yo equation 2.2: 2wy, {wn
M32 + bs + k i
2=y i NT=E

The locus of roots as 7 varies with vn constant.
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0
Roots
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Real

Real repeated
Imaginary (conjugates) S2 = (C con) - J (”n
Complex (conjugates)




The Laplace Transform
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Response of the spring-mass-damper system.




The Transfer Function of Linear Systems

I
+o — AN v o+
| e
—_ & o —
An RC network.
1
Vl(S) = (R —+ &).I(S) Zl(S) =
Vo(s) = (Cis)l(s) “2(s) =
1
Vo(s) rors B Z5(s)
Vi(s) o 1 Za(s) + Za(s)

Cs




The Transfer Function of Linear Systems

Example 2.2
G d The partial fraction expansion yields.
—Zy(t) +4-=y(t) + 3y(t) = 21(t)
dt dt
3 -1
d Y(s) = 2 + 2 +
Initial Conditions: Y(O) =1 d—y(O) =0 r(t) =1 B (s+1)  (s+3) (s+1)
t
The Laplace transform yields: Therefore the transient response is:
(2 ) _3—t1—3-t _tl_
s°Y(s) - s-y(0)) + 4(s-Y(s) - y(0)) + 3Y(s) = 2-R(s) y() = PR le "+ e
Since R(s)=1/sand y(0)=1, we obtain:

(s + 4) 9 The steady-state response is:

(32 +4s + 3) ' s-(32 +4s + 3) lim y(t) = g

t—w

Y(S) =




The Transfer Function of Linear Systems
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An inverting amplifier operating with ideal conditions.



The Transfer Function of Linear Systems

e
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(a) (b

(a) Two-mass mechanical system. (b) Two-node electric circuit
analog C1 =M1, C2=M2. L = I/k, R1 = I/bl, R2 = I/b2.




The Transfer Function of Linear Systems

Armature

Stator
winding

Angle
i

() (b)

A dc motor {a) wiring diagram
and (b) sketch.




The Transfer Function of Linear Systems

Alnico lield magnets Tromless low-inducisanes armature
tor high power/weight ratie

Machined solid copper comunumaior

for extended brush lite 5350 aish-Annpe
for armature inegrity

Luex-lite brashes

Lifetime lubricaned bearings

Custom shalts avallabie
for cnitical design cniteria

Wire windings embedded in cpoxy

Cant slunnnum housing
gives high dielecne sirengih

for tull environmental protestion

I'lat xhape for Forced ventilation optional
cupuct contigurations 1or imereasad performiances:

A pancake dc motor with a flat-wound armature and a permanent

magnet rotor. These motors are capable of providing high torque

with a low rotor inertia. A typical mechanical time constant is in
the range of 15 ms. (Courtesy of Mavilor Motors.)




The Transfer Function of Linear Systems

o= Kgig

T = Ky Kpig(t) i (1)

T(S) = (Kl- K |a)- 1¢(s)
Vi(s) = (Rf + Lgs)-Ig(s)

Tm(s) = T .(s) + Ty(s)

T, (s) = 3-5°-0(s) + b-s-0(s) =~

rearranging equations (@

T(s) = T(s) — Ty(s)

Tr(S) = Ky 1() Td(s) =0
_ ﬂ 0 K
|f(S) = Ry + Lps (s) _ m

Vi(s) ~ s:(3s + b)-(Lgs + Ry)




The Transfer Function of Linear Systems

Disturbance

o
|
{5l
L

Field l Load | Speed .
| fﬁ.’i] T Posilon
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Uitput

Block diagram model of field-controlled dc motor.




The Transfer Function of Linear Systems

Disturbance
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Armature-controlled de motor.




The Transfer Function of Linear Systems

[Disturbance

|
II || \ l
Li

’g Speed
0 A L6 | el ] Position
e s

Back emf




The Transfer Function of Linear Systems
500 T 1 |
200 Bevond present |
200 Sl:_eel state of the art
mills
100 | May be
70 | hydrostatic
—_— 501 drives
% gg Cranes and
_'__l% 20 hoists Range of
2 conventional
-E 10 electrohydraulic
= i control
% 5 Machine tools
2 4
= 3
= - Antennas
| | Robots
! Usually electromechanical
i L
0.7 actuation Auto
0.5 1
a3 engine ||::||:|||:1t1'+[:+]I
0.3 Lewvel control
| |
0.2
5 7 10 200 20 4050 70 100 200 300 500 1000

400 TOO

Reciprocal of response time

Range of control response time and power to load
for electromechanical and electrohvdraulic devices.




The Transfer Function of Linear Systems

C
|(
l AN
R
g VW >L+ Vo(s) -1
o I Va(s) V,(s) RCs
R

_’_” +o
My
\t+ I/ }é
¥
<| <
= N
VY P
(Vp) )
N N
I
|
Ppu)
O
wn




The Transfer Function of Linear Systems

Va(s) Ry(RyCs+1)
Vi(s) Ry

Vas) —~(RyCys+1)(RyCos+1)
Vl(S) B R]_'CZ'S




The Transfer Function of Linear Systems

0(s) Km
Vie(s) s-(Is+b) (Les +Ry)

0(s) Km
Vis) s{(Ra+Lgs)(Is+b)+KyKp




The Transfer Function of Linear Systems

}@@

Reference

field

0(s)  Knm

V(s) - s(r-s + 1)
R
~(b-m)

m = dope of linearizec
torque-speed curve
(normally negative)

K
Vo(s) ReRq

Le Ly
R. Rq
For the unloaded case:
ig=0 Te = Tq
0.0% <1, <0.5

Tc =




The Transfer Function of Linear Systems

¢ v(r), Control valve

Y(s) K
displacement =
X(s) s(Ms + B)
A-k
Return K= X B=
Pressure kp
source d d
kx = — g kp = — g
Return dx o 1 dp
= X, = TIow
M. b l g=9(xP)
Load /) A = area of piston

Gear Ratio = n = N1/N:
Np-0 = Ni-Op,

6,_ = n-Gm

(DL = n’(Dm




The Transfer Function of Linear Systems

VZ(S) _ RZ R2

(15 V,(S) = ks(Gl(S) — 62(5))
— +
0 L battery FE' V) Va(s) = Ks-Oerrofs)
Error Voa tter
© y
voltage Ks =

emax




The Transfer Function of Linear Systems

Shalt

V2(S) = Kt-O)(S) = KfS‘@(S)

K = constant
Vs(s) ~ Ka
Vi(s) st+1

Ro = output resistance
Co = output capacitance

1=R,C, 1<1s

and isoften negligibl
for controlleramplifie




The Transfer Function of Linear Systems

Frame %(1) = y(t) — %in(1)

Ne o U U
Mass Xin(s) 2 ( b) k
sS4 | — s+ —
M M M
‘ I vir) For low frequency oscillations, whereyp < o,
—l o8 X(j0) o

Xin(j‘(’))

p k

RLLLLL

zlx e

. T(s) 1
.J__ _l = 1
- T, qa(s) Cos + (Q-S N E)

Fluid 1in

To T=T,- T, =temperature difference due to thermal proc

. C; =thermal capacitance
20 Q = fluid flow rate = constant

—h. - ‘g
,—’V\/‘v—| — S = specific heat of water

Fluid R, = thermal resistance of insulation
‘L (L oul q(s) = rate of heat flow of heating element
Heater




The Transfer Function of Linear Systems




Block Diagram Models

Output
V) el G () = Ky > (5]
s(Us+ b)Lys+ Ry .
Block diagram of dc motor.
Inputs Outputs
R,(s) P 1 (s5)
System _
RH(5) > P )5(5)

General block representation of two-input, two-output system.



Block Diagram Models

Ry(5)

RA(5)

Block diagram of interconnected system.




Block Diagram Models

Original Diagram Equivalent Diagram

X, X, X3 X, X3
—» Gi5) — Gys) —> — GG, —

or

X, X3
—» G,G, —»

Original Diagram Equivalent Diagram

Xl + . X3 Xl _ + Xg




Block Diagram Models

Original Diagram Equivalent Diagram
X, X, X X,
—> > —>

Xz‘ Xy ‘
o+

Original Diagram Equivalent Diagram
X1 Xy X _ Xz

G o < o
X X ‘

=




Block Diagram Models

Original Diagram Equivalent Diagram
X + X3 X+ X3
— > >

+ *
e
X, (
Original Diagram Equivalent Diagram

X, X, G X,

Xl =+ ;
G o >
H




Block Diagram Models

G(s)

Y(s)

Negative feedback control system.




Block Diagram Models

Example 2.7

RE
4-(£—~Gg




Block Diagram Models Example 2.7

—
Hy
L -
+ o +
R » — G, G, » G o Gy
- +
Hy [
H; |

_ + o + L Cralry
] . )
R » O » — G " 1-G.G,0,

B GaGsGy . Vi
T Sl 1= GG H GGl [ |
v R(s) Gyl G
' o e — G1GoGa Gy

| — G3GyH| + GGy Hy + Gy GG GyHy

i id)

[
»




Signal-Flow Graph Models

Signal-tflow graph of the d¢ motor.

For complex systems, the block diagram method can become
difficult to complete. By using the signal-flow graph model, the
reduction procedure (used in the block diagram method) is not
necessary to determine the relationship between system variables.




Signal-Flow Graph Models

Gy(s)

Rq(s)

Yi(s)

J'r".!j (5
Gy ()

Signal-flow graph of interconnected system.

Y1(8) = G1(8)-R1(S) + Gya(s)-Ra(s)

Ya(8) = Gp1(8)-Ra(S) + Ga(s)-Ra(s)




Signal-Flow Graph Models

e >

1

e, >
Signal-flow graph of two algebraic equations. d11:X +adpX + 11 =X

doq1- Xy + dooXo + I = X




Signal-Flow Graph Models
Example 2.8

Two-path interacting system.

Y(s) _ [61'62'63'64'(1_ L3— '—4ﬂ +[GS'GG‘G7‘GS‘(1— Lq- Lzﬂ
R(S) B 1_L1—L2—L3—L4—|— L1°L3+ I—l'L4+ I—2L3+L2L4




Signal-Flow Graph Models
Example 2.10

Ko Lagls) _ 1
Gy(s) = (R + L) Cigfs) = T+ b
-1 1
1 Gli."’_} Tm[ﬂ 1 1 TL{E] GE{E] ?
Vi x) O - {} o G - {_} - G - {) -

The signal-flow graph of the armature-controlled dc motor.

Y(s) G1:G2G3Gy
R(S) B 1+ GZ'G3'H2—G3'G4'H1+ Gl'GZ'G3'G4'H3




Signal-Flow Graph Models

Multiple-loop system.

Y(S) ~ Pl + PZ'AZ + P3
R(s) A
P1= GGy G- Gy G5 G Py = G-Gy G- G5 P3= G- Gy G- Gy Gg
A=1-(L+Lh+Ls+Ly+Lls+Lsg+ Ly+ Lg) + (Lyly + Lsly + LarLy)

A1:A3:1 A2:1—L5:1+G4'H4




Design Examples

Physical Assumptions o Mathematical
system model
4 4 Math Computer
analysis simulation
Model
responses
system structure
- Expected
Modify the responses of
system parameters physical system

Analvysis and design using a system model.




Design Examples , e
Desired » ) > ”E:_‘" o controlled » Vehicle
velocity T Ampiter mator velocity

Sensor
(aj
Fa Tala)
oo f -
- ﬂ] 1'-'] = EEH”‘ i"i Km 1 U T TN |
“in + g = LA gt | Bt Ly [ Ji b " Spead
fa
L
< &y
K, e
=
m K,
ik

L J

Gals) (s (8]
R + 10 y 1 .
thy = migls 5400 _.E—T)_ wt 1) » T e 5

¥ —

i

Speed control of an electric tractio




Design Examples

i—p v = Case position
|
|
I Accelerometer
I //
Case
ol
|
k I /f
AR M 1] B o
Spring b I
Levitated test sled M
Ga P i
f/f
Cude ranl

An accelerometer mounted on a jet-engine test sled.




Design Examples
3.0

08 Pl
2.6 /|

2.4 /

2.2
— 20
D50 /

1.8 /
1.6
Al
1.2 \/
() | 2 3 4 5 6
Time (sec)

Accelerometer response.




Design Examples

Hand/gripper-assembly
Forearm casting :

=3 motor printed
Torso printed cireuit assembly

. cover
circuit assemhbly

Exploded view of the ORCA robot showing the components [15].
(Source: © Copyright 1993 Hewlett-Packard Company. Reproduced with permission.)




Design Examples

(a) Ladder network
and (b) its signal-flow graph.




The Simulation of Systems Using MATLAB

>>y0=0.15;
>>wn=sqrt(2); « Wy
>>zeta=1/(2"sqgr(2));
>>1=[0:0.1:10];
>>unforced

unforced.m *
%Compute Unforced Response to an Initial Condition
%o
c=(y0/sqrt(1-zeta”2)); y(0)V1 = 2
y=c exp(-zeta*wn’t)."sin(wn’sqrt(1-zeta"2) "t+acos(zeta));
%o
bu=c*exp(-zeta*wn’t);bl=-bu; « e~ envelope
Yo
plot(t,y.t,bu,--"t,bl,'--"}, grid
xlabel('Time (sec)'), ylabel('y(t) (meters)’)
legend(["omega_n="num2str(wn)," ‘\zeta=",num2str(zeta)])

Script to analyze the spring-mass-damper.




The Simulation of Systems Using MATLAB

MATLAB Editor /Debugger - [unforced.m - H:'Users' PRibeiro ENGR3 15 unfarcediml - |EI|5|
@ File Edit Wwew Debug Tools ‘Window Help _|ﬁ’|£|

PEH| 2R (52 &8
¥ 421 JE) ¥3) | Stack: | =

F:= (vO/3cqrt (1-zeta™2) ) :
y=o¥exp (—zeta*wntt)] . f*3in (vh¥agrt (l-zeta® ) ft4+acos (zeta) )
bu=c¥exp(—-zeta¥wn¥t) ;hl=hu;

plotit, v, t,bu,'——',t,hbl,'--"'] , grid
*xlabel (' Time (zec) ') ,vilabel ('v (L] (meters) ')
legenda ([ "-.-::mega_n=' shumZstr (wn) ! “Zzeta=',numZstr (zeta)])

File Edit View Insert Tools Window Help

@ unforced.m -...

Insd&g a2/ | @o0
Ready ﬁ

— o=

1.4142 (=0.35355

0.15

File Edit WYiew ‘window Help
D@| % B2R« @E &2

> YB8=0.15; -
xr WN=sqrt{2});

e zeta=1/(2=sqrt{2)};
b t=[0:8.1:10];

L unforced _I:I 0.1

Ready l_ l_ l_ o

p.
&

-0.05

4 0 meters)

g i 2 3 w5 B 7
Time.:(;sec';::)_i




The Simulation of Systems Using MATLAB

==p=[1304]: « piy =5 +32+4
>=t=roots(p)

fe \ Calculate roots of p(s) = 0.
-3.3553

OAT77T7+ 10773
0A777-1.0773I
==p=paly(r) -« Reassemble polynomial from roots.
p =

1.0000  2.0000  0.0000  4.0000

Entering the polynomial p(s) = s3 1 352 | 4 and calculating its roots.




The Simulation of Systems Using MATLAB

:;ﬁ:&i}ﬁ,g; 14k -+ Multiply p and ¢.

n=3 14 9 4 = Ay =35 + 1457+ 05 + 4

==value=polyval(n,-5)

valle = Evaluate nis) at § = —3.
-G6

Using conv and polyval to multiply and evaluate the polynomials (352 1 2s 1 1)(s 1 4).




The Simulation of Systems Using MATLAB

== numi=[10];deni=[1 2 &];
= SVET1=tiinumt,dent)

Transfer function:
10
Transfer function mm - Gy is)
ohiect G ="n | || 82+25+5

== NUmE=[1];den2=[1 11;
== gys2=tiinumz denz)

sys = tfinum,den)
Transfer function:

1

4 Cryls)

s+ 1

= FYS=SYS1+5VEE

Transfer function:
2 +125+15

A G is) + Galn)

M3+ 38 +75+5

(a) The tf function.
(b) Using the tI function to create transfer function objects
and adding them using the *17 operator.
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== sys=tf([1 10].[1 2 1])

Transfer function:

s+ 10
Poles -

s"2+2s5+1 |

s5Ys

p=pole(sys) — == p=pole(sys) d—l
funti

>— untion p=

Z=Zeroisys) object
I _'11 at———— The system poles.
Zeros
> Z=Zero(sys)
2=
. The system zeros.
-10
fay Y

(a) The pole and zero functions.
(b) Using the pole and zero functions to compute
the pole and zero locations of a linear system.
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P: pole locations in column vector
Z: zero locations in column vector

A

num
G(s) = don Y8

I
[P,Z]=pzmap(sys)

The pzmap function.
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Pole-Zero Map

—3 —2.5 —2 —1.5 —1 —0.5
Real Axis

Pole—zero map for G(s)/H(s).




The Simulat

==AUmg=[6 0 1]; djg:ﬁ 33 1];sysg:tf{numg,deng}|g,

=»Z=Felolsysq)

o= - Compute poles and
0+ 0.4082i zeros of G(1).
0 - 0.4082

==p=polelsysy)

p= —_— Expand H(x).

-1.0000
-1.0000 + 0.0000i
-1.0000 - 0.0000i

==n1=[1 1], n2=[1 2]; di=[1 270]; d2=[1 -271]; da=[1 3],
==numh=convini, n2); denh=conv(dl conv(dz, d3});
==sysh=tf{numh/denh)

Transfer function:

g2+ 35+ 2

-4 His)

M3+ 352 +4s5+12

G5
Hir)

==sys=sysgisysh 5Ys

Transfer function:

Geto+ 188 +258"3+70 38" 2+ 45 +12
s +6sM+ 1483 +168"2 +9s5+2

==pZmaplsys)

Pole-zero map.

_AB

Transfer function example for G{s) and H(s).
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) System 1 System 2 Vi
. G1(s) Gals) '
(a)
Tis) = % = sys Cr(s) = sysl {ry(5) = sys2

g

[sys]=series(sys1 sys2)

(b)

(a) Block diagram. (b) The series function.
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s+ 1 Uis) |
.'f‘\}': Y —P — —
G (s) s+2 P GG) 500 5%

—p }(5)

(a)

>>numg=[1]; deng=[500 0 0]; sysg=tf(numg,deng);
>>numh=[1 1]; denh=[1 2]; sysh=tf(humh,denh);
>>8ys=series(sysg,sysh);

>>SYS

Transfer function:

s+ 1
500 s"3 + 1000 s"2

A G 5)G(s)

(b)

Application of the series function.
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\ System |
Cry(s) + :
System 2 +
(55}
(a)
¥
HE UE;- = sys (ry(s) = sysl (ra(5) = sys2

/|

[sys]=parallel{sysi sys2)

(b)

(a) Block diagram.
(b) The parallel function.
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. System 1 -
mis) .- Yix)
;? Cr (5)0(8) ‘ o

(a)

My _ +1 - positive feedback
T8 =Ry =98 GGG} = sysl || _ ) pegative feedback (default)

| =

[sys]=feedbackisys1,[1].sign}

—

—

(b)

(a) Block diagram.
(b) The feedback function with unity feedback.
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R(s) —{ } > Sl’zﬁl Y(s)
Systemn 2

Hix

(a)

_Yin _ _ _ +1 - pos. feedback
T Ris) ¥ Gis) = sysl His) = sys2 —1 - neg. feedback

lljl

[sys]=feedbackisys1, sys2 sign)

Tix)

th)

(a) Block diagram.
(b) The feedback function.
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E(5) 1i(s)

+ s+ 1 1
R(.s}—b_?—b G(s) = :2 —» G() = 25— Tr{.r]

(a)

==numg=[1]; deng=[500 0 0]; sys1=tfinumg.deng);
==numc=[1 1]; denc=[1 2]; sys2=tf(numc,denc);
==5ysi3=series(sys1,sys2);
==sys=feedback(sys3.[1])

Transfer function:

s+ 1 . Y5) _ GA5)G(s)
500 s"3 + 100052 + 5 + 1 R(x) 1+ G ()G(s)

(b)

(a) Block diagram.
(b) Application of the feedback function.
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. + £ (%) 1 _
R} P> G('ﬂzjﬂﬂsz P 1)
o= e

==numg=[1]; deng=[500 0 0]; sys1=tf(numg.deng);
==numh=[1 1]; denh=[1 2]; sys2=tf(numh,denh);
==sys=feedbackisys1, sys2);

>=5YS

Transfer function:

s+ 2 W) (s)
500s"3+ 1000s"2 + 5 + 1 : Ris)y 1+ G)H()

(b}

Application of the feedback function:
(a) block diagram. (b) MATLAB script.
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==ng1=[1]; dg1=[1 10]; sysgl=tf(ng1.dgl};
==ng2=[1]; dg2=[1 1]; sysa2=tf{ng2.dg2);
==ng3=[1 0 1]; dg3=[1 4 4]; sysg3=tfing3.dg3);
1
1

==ngd=[1 1]; dgd=[1 &]; sysgd=tf(ngd.dgd);
==nh1=[11]; dh1=[1 2]; sysh1=tf(nh1.dh1);
==nh2=[2]; dh2=[1]; sysh2=tf(nh2.dh2);
error ~=nh3=[1]: dh3=[1]: sysha=tf(nh3,dh3):
==sysl=sys2/sysd; Step 2
==sys2=sernes(sysg3.sysgd);
==sysd=feedbacki{sys2 sysh1.+1); Step 3
==sysd=series(sysg2 . sysd):
==sysh=feedback{sys4 sys1);
==sysb=sernes(sysgl.sysh);
==gsys=feedback{sys6.[1]);

Step 1

v

Step 4

Step 5

Transfer function:

s+ 45+ 6534652 +5s542
12 "6 + 205 85 + 1066 5™ + 2517 8"3 + 312852 + 21968 + 712

Multiple-loop block reduction.

v

Sys1 =sysh2 / sysg4
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No common actors Possible common factors

T(s) = sys Gi(s) = sysl

?_‘

sys=minreal(sys1)

The minreal function.

>>num=[1 46 65 2]; den=[12 205 1066 2517 3128 2196 712];
>>5ys1=tf(num,den);
>>sys=minreal(sys1); -« Cancel common factors.

Transfer function:

0.08333s™ + 0.258"3 +0.258"2 + 0.25s + 0.1667
s"b +16.08 "4 + 72.75 "3 + 137 "2 + 123.7 s + 59.33

Application of the minreal function.
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error

v

>>numi=[10]; den1=[1 1]; sys1=tf(num1,dent);
>>num2=[1]; den2=[2 0.5]; sys2=tf(numz2,den2);
>>nNum3=[540]; den3=[1]; sys3=tf(num3,den3);
>>nNum3=[0.1]; den4=[1]; sys4=tf(num4,den4);
>>sysb=series(sysi,sys2);

>>sys6=feedback(sys5,sys4);
>>8ys7=series(sys3,sys6);

Eliminate
inner loop.

>>sys=feedback(sys7,[1]) «

Compute closed-loop
transfer function.

Transfer function:
5400 w(s)
2s"2 + 255+ 5402 w,(s5)

Electric traction motor block reduction.

» Num4=[0.1];
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i) 4 Step Syslem ¥
inpul Gis) Output i o
L i I

fa)

t = Tt user-supplied time vector
¥i1) = oulput response at ¢ Glx) = sys or
T = simulation time ¥ t = Thipg: simulation final time

{optional)
T_‘ 1
|

[y Tl=step(sys.t)

b

th)

The step function.
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2.0
1.8 it .
1.6 |
2
R "
ERRT: Hl'm"
& 08
st
= 0.4 =
0.2
0
O 05 10 15 20 25 30
Time (sec)
(a)
mresp.m

%% This script computes the step

% response of the Traction Motor

% Wheel Velocity

%

num=[5400]; den=[2 2.5 5402]; sys=tf(num. den);
t=[0:0.005:3];

[y tl=step(sys.t);

plot(t,y).grid

¥label{'Time (sec))

ylabel{"Wheel velocity')

(b)
(a) Traction motor wheel velocity step response.

(b) Matlab script.
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Flexure

Head

Head mount for reader, showing flexure.
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Desired Control device Input Actuator and read arm . I
CRITEC + Emor \rl:lltage Aclua
head p  Amplifier |—— dc motor and arm o hicad
position _ position
Sensor
Read head and index track on disk [
(&)
Amplifier Motor and arm G5}
+ Els) K Vix) o K,
=
R(s) > a ——® S = e )
- Sensor
Hini=1 o

(h)

Block diagram model of disk drive read system.
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+
R(s) b? > K, [ G T» F(x)

Block diagram of closed-loop system.

0.12

0.1 T
0.08 /

y(t) 0.06 /

(rad) /

0.04 /
0.02 /
0

0 0.1 02 03 04 05 0.6 0.7
Time (sec)

0.1
The system response of the system shown in Fig. 2.67 for R(s) 2~
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Welcome o

Consider the unity-feedback control system:

Wi(s)

— G(s)

I N(s)

where

s 7t} 15 the reference mput signal,

o Wit} iz a disturbance input sighal, typically a low frequency signal,

o 2{) iz a measurement (senszor) noize signal, typically a high frequency signal,

s ¥(i) 1z the output sipnal,

o g} 15 a strictly-proper rational transfer finchion representing the plant and compensator.

WWe wiew this as a tracking system, where the objective 15 that the output signal track the reference mput signal and reject the mfluences of the disturbance and noise
mput signals.

S ensitivities o

In terms of Laplace transforms, the control system response iz described by

-

|@] Dane [ [ | |4 mtemet
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